The Weyl-gauge (A a 0 = 0) QCD Hamiltonian is unitarily transformed to a representation in which it is expressed entirely in terms of gauge-invariant quark and gluon fields. In a subspace of states we have constructed to implement the non-Abelian Gauss's law, this unitarily transformed Weyl-gauge Hamiltonian can be further transformed and, under appropriate circumstances, can be identified with the QCD Hamiltonian in the Coulomb gauge. It is argued that the transverse part of the gauge-invariant chromoelectric field, which appears in this form of the Hamiltonian, is not hermitian. We compare the implications for QCD and QED of the fact that in the perturbative theory the states that represent incident and scattered states do not implement Gauss's law and therefore are not gauge-invariant. Gauge-dependent charged states can be used in perturbative QED because a unitary equivalence obtains between gauge-dependent and gauge-invariant states. No such unitary equivalence obtains, however, in QCD. A theorem is proven for QCD that relates the perturbative S-matrix in different representations for processes in which only quarks are present in incident and final states. This theorem is weaker than a similar one for QED, and does not enable us to relate S-matrix elements between gauge-dependent perturbative states to those evaluated between gauge-invariant "physical" states.
I. INTRODUCTION
In earlier work on QCD in the Weyl gauge (A a 0 = 0), we have constructed gauge-invariant operator-valued quark and gluon fields; [1] these include the gauge-invariant quark field ψ GI (r) = V C (r) ψ(r) and ψ † GI (r) = ψ † (r) V and where the λ a designate the Gell-Mann matrices. In these expressions X α (r) = [ 1 A α j (r), which we refer to as the "resolvent field", is an operator-valued functional of the gauge field, and is represented in Refs. [1] and [2] as the solution of an integral equation. Constructing a gauge-invariant quark field by attaching V C (r) to the quark field ψ represents an extension, into the non-Abelian domain, of a method of creating gaugeinvariant charged fields originated by Dirac for QED; [3] and, like Dirac's procedure, this non-Abelian construction is free of path-dependent integrals. An explicit demonstration that ψ GI (r) is invariant to a non-Abelian gauge transformation has been given by implementing the gauge transformation with the generator exp{−i dyĜ a (y)ω a (y)} whereĜ a is the nonAbelian "Gauss's law operator" 6) it has been shown that V C (r) also gauge-transforms as so that ψ GI (r) remains gauge-invariant. [1] The resolvent field A b j also has an important role in the gauge-invariant gauge field 1 In this work we use nonrelativistic notation, in which all space-time indices are subscripted and designate contravariant components of contravariant quantities such as A a i or j a i , and covariant components of covariant quantities such as ∂ i . GI i (r) is gauge-invariant -more precisely, invariant to "small" gauge transformations. We have also defined a gauge-invariant chromoelectric field E a GI i = −Π a GI i , [4] where Π a i is the momentum conjugate to the gauge field A With the use of the commutator Ĝ c (x), R ab (y) = igf cbq R aq (y)δ(x − y), (1.12) obtained in Ref. [4] , it is easy to verify that Π a GI i (y) commutes withĜ c (x) and therefore also is gauge-invariant. In this work we will use a representation, which we discuss in Section II A, in which QCD in the Weyl gauge is expressed entirely in terms of gaugeinvariant fields. Since the gauge-invariant gauge field is transverse, it is of interest to relate this gauge-invariant formulation of the Weyl gauge to the Coulomb gauge. We address this question in Section II B. We discuss the implications for perturbative QCD of expressing the Weyl-gauge Hamiltonian in terms of gauge-invariant variables in Section III.
II. THE GAUGE-INVARIANT REPRESENTATION OF THE WEYL GAUGE
AND THE COULOMB GAUGE.
The QCD Hamiltonian in the Weyl gauge has been expressed in terms of gauge-invariant operator-valued fields. [4, 5] In this work, extensive use has been made of the unitary equivalence ofĜ a -the "Gauss's law operator" given in Eq. (1.4), which imposes the non-Abelian Gauss's law -to the "pure glue" version of that operator
as shown by
where
This unitary equivalence has been used to establish a new representation -the N representation in which G a represents the complete Gauss's law operatorĜ a , and ψ represents the gauge-invariant quark field because it commutes with G a . The N representation is unitarily equivalent to the C representation in whichĜ a and ψ GI designate the Gauss's law operator and the gauge-invariant spinor (quark) field respectively. In the N representation, j
ψ(r) are the gauge-invariant quark color charge and quark color current densities respectively.
The Weyl-gauge QCD Hamiltonian can be transformed from its familiar C-representation form 4) to the N representation, as shown bŷ
This similarity transformation leaves the gauge field untransformed, but it transforms the quark field and the negative chromoelectric field as shown by
and
where 9) and where repeated superscripted indices are summed from 1→8; for n = 1, the chain reduces to f αbh 1 = f αbh ; and for n = 0, f
, for an arbitrary ϕ h (r), given by 2 The transformation of the quark field from the C to the N representation,
C ψ , and the transformation that leads to the gauge-invariant quark field in the C representation, ψ GI = V C ψ, transform in opposite directions. In the former case we transform the quark field that is represented by ψ in the C representation to the N representation; in the latter case, we transform the quark field that is gauge-invariant in the N representation -namely ψ -to its corresponding C representation form. The transformations therefore proceed in opposite directions in the two cases.
The transformed, N -representation HamiltonianĤ can be expressed entirely in terms of gauge-invariant variables by making use of the identities
as well as
The QCD Hamiltonian in the N representation, expressed in terms of gauge-invariant fields,
consists of a part that is free of all interactions involving quarks,
where 15) from which it follows that
because H 0 is in the N representation, ψ and ψ † denote the gauge-invariant quark fields. Another part of the Hamiltonian, which describes self-interactions of quarks and interactions between quarks and gluons, iŝ
where J a 0 (GI) (r) is the gauge-invariant gluon color charge density, defined as is not hermitian, and J
The last part of the QCD Hamiltonian is
where G a GI is the gauge-invariant Gauss's law operator [4] 
which consists solely of gauge-invariant fields, every one of which commutes with G a , the Gauss's law operator in the N representation; G a GI is hermitian because R ab and G b commute.
The series representation of K b 0 in Eq. (2.8) serves as the basis for the observation that (2.20) and is identical to −K a 0 except that the n = 0 term is missing from the sum in Eq. (2.20), so that
, we can show that χ a 0 is related to j a 0 by the Faddeev-Popov equation
and we can represent χ a 0 (x) as
where D ab (x, y) is the inverse Faddeev-Popov operator, which we will discuss in Section II A.
A. The inverse Faddeev-Popov operator.
The Faddeev-Popov operator in the gauge-invariant representation of the Weyl gauge is
GI i is transverse. The Faddeev-Popov operator has a formal inverse, which can be represented as the series
By expanding D bh (y, x) and combining terms of the same order in g, it can be observed that
and the ← symbol indicates that ∂ 2 and ∂ i differentiate to the left. In demonstrating Eqs. (2.27) and (2.28), it can be helpful to use the explicit form of the n-th order term of the inverse Faddeev-Popov operator series
Integration by parts with respect to the z(i) and the identity f
With the use of Eq. (2.24),Ĥ 1 can be expressed aŝ
In this form, the QCD Hamiltonian resembles the QCD Hamiltonian in the Coulomb gauge. The only direct interaction between color charges or currents and the gauge field involve the transverse current only. The other interactions involving quarks are nonlocal and are mediated by Green's functions that are the non-Abelian generalizations of the Abelian ∂ −2 . The interactions still involve the longitudinal component of the gauge-invariant chromoelectric field, but we will show how this can be eliminated in Section II B.
Eq. (2.26) enables us to express the commutator of the gauge-invariant gauge field and the negative gauge-invariant chromoelectric field as
Eq. (2.35) and the commutator, obtained in Ref. [4] , 36) are in agreement with those given by Schwinger for the Coulomb gauge, [6] except for some differences in operator order. This fact suggests that the gauge-invariant Weyl-gauge field and the Coulomb-gauge field discussed by Schwinger are very similar. The differences in operator-order should be expected because, in Ref. [6] , ambiguities in operator order in the Coulomb gauge are resolved by symmetrizing noncommuting operator-valued quantities so that Coulomb-gauge operators are kept hermitian. In our work in the gauge-invariant formulation of the Weyl gauge, ambiguities in operator order do not arise. When, because of a non-symmetric ordering of gauge fields and chromoelectric fields, some gauge-invariant operator-valued fields turn out not to be hermitian, we leave them that way in order to avoid ad hoc changes in operator order. Eq. (2.36) leads to the commutation rule for the transverse parts
Eq. (2.35) leads to the commutator of the transverse part of Π
Eq. (2.35) can also be shown to be consistent with
and with
4 Superscripts T and L designate transverse and longitudinal components respectively. 
to regenerate the Gauss's law operator, and hence the only viable option for preserving consistency with even the soft identity is that this quantity vanish identically.
The Faddeev-Popov operator has a well-documented importance in non-Abelian gauge theories. Gribov has shown that gauge fields that have been gauge-fixed to have a vanishing divergence can differ from each other, [7, 8] and that the Faddeev-Popov operator does not have a unique inverse. In that same work, Gribov makes the suggestion that the zeros of the Faddeev-Popov operator ∂ 2 δ ac + gf abc A b i ∂ i might so intensify the interaction between color charges that the effect could account for confinement. Subsequent authors have reiterated this suggestion, [9, 10] and connections between the zeros of the Faddeev-Popov operator and color confinement have been discussed by other authors as well. [11, 12, 13] Eqs. [7, 8, 14] When the integral equation for the resolvent field referred to in Section I is expressed in terms of a number-valued hedgehog representation, it can be transformed into a nonlinear differential equation that was shown to have multiple solutions. [2] Moreover, this nonlinear differential equation was shown to be very nearly identical in form to the one used by Gribov as a specific illustration of the fact that the Faddeev-Popov operator for the transverse SU(2) gauge field does not have a unique inverse. With this number-valued realization we were able to establish that the gauge-invariant field, which is transverse, has a Gribov ambiguity, [2] even though there are no Gribov copies of the gauge-dependent Weyl-gauge field. [15, 16, 17] In the context of the quantized theory -for example, inĤ GI -we will represent D bh (y, x) as the operator-valued series described in Eqs. (2.26) and (2.30). Since each term in this series has unambiguous and self-consistent commutation relations with all other operator-valued quantities, the series representation of D bh (y, x) is entirely satisfactory for determining the commutators ofĤ GI with other gauge-invariant operators -and therefore determining their time dependence -even though number-valued realizations of the gaugeinvariant gauge field lead to nonlinear integral equations that do not have unique solutions.
It may seem surprising that, starting in the Weyl gauge and expressing the QCD Hamiltonian in that gauge in terms of gauge-invariant variables, can lead to a form of the Hamiltonian that, while never actually having been gauge-transformed, has the same dynamical effect as the QCD Hamiltonian in the Coulomb gauge. But a remarkably similar state of affairs obtains in QED. When QED is formulated in the temporal gauge, and a unitary transformation is carried out that is the Abelian analog of the one that leads to the Hamiltonian described in Eqs. (2.14)-(2.19), the following result is obtained: [18, 19] The QED Hamiltonian in the temporal gauge, unitarily transformed by exp i 1 ∂ 2 ∂ i A i (r)j 0 (r)drthe Abelian analog of the transformation U C described in Eq. (2.3) -takes the form
where A T i designates the transverse Abelian gauge field -which, in Abelian theories, is also the gauge-invariant field -and H g can be expressed as
H g is the Abelian analog of H G , described in Eq. (2.19). The Abelian Gauss's law operator, i (r)|Φ = 0 respectively, where (+) designates the positive-frequency parts of operators). As can be seen,Ĥ QED also consists of two parts: the Hamiltonian for QED in the Coulomb gauge; and H g , which has no effect on the time evolution of states that implement Gauss's law, but which "remembers" the fact thatĤ QED is the transformed Weyl-gauge Hamiltonian by preserving the field equations for that gauge. An identical transformation applies to covariant-gauge QED, the sole difference being in the form of the H g produced by the transformation.
As we can see from Eqs. (2.14), (2.19), (2.34), (2.41) and (2.42), and as will become even more evident in Eq. (2.56), QCD and QED are strikingly similar in the relation between their Hamiltonians in different gauges when these are represented in terms of gauge-invariant fields. Nevertheless, there are important differences between QED and QCD in the significance of this relationship. One such difference is is that, in QED, we may safely use the original untransformed Weyl-gauge or covariant-gauge Hamiltonian in a space of perturbative states when evaluating S-matrix elements, even though these gauge-dependent perturbative states fail to implement Gauss's law. This means that, for perturbative calculations in QED, we can safely use the Lagrangian
with L g = −A 0 G for the Weyl gauge and
(1 − γ)G 2 for the covariant gauge, without paying any attention to Gauss's law whatsoever. A corresponding practice in Weyl-gauge QCD is the use of the Weyl-gauge Hamiltonian H in a Fock space of perturbative states that are not annihilated by G a . There is, however, the following important difference between QED and QCD. The use of perturbative states in QED without implementing Gauss's law is permissible because, in QED, a unitary equivalence can be established between ∂ i Π i and ∂ i Π i + j 0 , so that ∂ i Π i can be interpreted as ∂ i Π i + j 0 in a new representation. [18, 19] In this way, it can be shown that perturbative states that implement only ∂ i Π i (r) ≈ 0 instead of ∂ i Π i + j 0 (r) ≈ 0 may be used when evaluating S-matrix elements in QED; the only effect on S-matrix elements from this substitution consists of changes to the renormalization constants, which are unobservable. [20] 
Another difference between QCD and QED is related to the fact that states that obey the condition
are not normalizable. We can see this easily by constructing, for example, the commutator of G a (r) and an integral operator such as
is an arbitrary c-number-valued function with the indicated transformation properties. Since
and since G a (r) is hermitian so that Ψ|G a (r) = 0 as well as G a (r)|Ψ = 0, there is no consistent solution of Eq. (2.44) if |Ψ is normalizable. This argument is a simple extension of one that was applied to the Fermi subsidiary condition for QED. [21] In the case of QED, however, this difficulty can be remedied because the non-normalizability of the states that are annihilated by the Abelian Gauss's law operator is entirely caused by the unobservable longitudinal nonpropagating photon "ghost" modes, which coincide exactly with the pure gauge degrees of freedom, and which can be kept separate from the gauge-invariant transversely polarized propagating photons in a variety of ways. In QCD, however, transverse modes can be pure gauge, and we do not know of a similarly satisfactory resolution of the non-normalizability of the state vectors that satisfy Eq. (2.44). 5 It is interesting that, in spite of these facts, perturbative QCD has had some impressive successes, even though it has not, so far, been able to account for the fact that colored states cannot exist as free noninteracting particles. Unlike the Weyl-gauge formulation of QCD, in which one can simply set A a 0 = 0 and impose canonical quantization rules on the remaining fields, [24, 25] the quantization of Coulomb-gauge QCD requires that constraints be explicitly taken into account. In constrained quantization -one procedure for implementing consistency with constraintsthis consistency is maintained by means of the so-called "Dirac-brackets", which replace the canonical equal-time commutation rules. When constrained quantization, such as the Dirac-Bergmann procedure, [26] is applied to the Coulomb gauge, the generator of infinitesimal gauge transformations becomes a constraint; it then must commute with all fields, which therefore are invariant to small gauge transformations. Under these circumstances, the gauge field would automatically be invariant to small gauge transformations, although it might have discrete numbers of gauge copies.
However, carrying out the constrained quantization of QCD in the Coulomb gauge is problematical; one impediment stems from operator-ordering ambiguities of multilinear operator products. For example, in constrained quantization, the matrix of constraint commutators must be inverted. There are noncommuting operators in that matrix, and it is at best problematical to keep track of operator order in the process of finding this inverse. As a result, the Dirac brackets of some operators are not unambiguously specified. Because of the difficulties associated with the quantization of QCD in the Coulomb gauge, a number of workers have avoided the direct quantization of Coulomb-gauge QCD, and have proceeded by treating the A a 0 = 0 gauge fields as a set of Cartesian coordinates and the Coulomb-gauge fields as a set of curvilinear coordinates, and have transformed from the former to the latter by using the familiar apparatus for such coordinate transformations. [27, 28, 29, 30] In our work, we transform from the Weyl gauge to a representation in terms of gaugeinvariant operator-valued fields. Our purpose is to implement gauge invariance, not to carry out a gauge transformation. We do not impose transversality on the the gauge-invariant A b GI i ; A b GI i is transverse, but the transversality is not imposed as a condition -it emerges as a consequence of its gauge invariance. And the Gauss's law operator G a does not vanish identically; in our work, Gauss's law is a condition on a set of states 6 which we have explicitly constructed.
Because our formulation of QCD in terms of gauge-invariant fields differs significantly from those whose purpose it is to construct the QCD Hamiltonian in the Coulomb gauge, it is of interest to inquire how closely the resulting Hamiltonians resemble each other. In order to examine this question further, we will make some additional transformations ofĤ GI that assume that the Hamiltonian acts only on states that implement Gauss's law. WhenĤ GI appears in a matrix element between two states |Ψ α and Ψ β | that obey G 
and, therefore, also
Eq. (2.46) can be iterated, leading to
, and where ≈ indicates that the replacement is valid only when the operators act on states |Ψ that implement Gauss's law. When J a † 0 (GI) stands directly to the right of Ψ| states, we can similarly make the replacement
and where the arrows indicate that differentiation is applied to the left. Similarly, Π a GI i (r) and Π a † GI i (r) can be expressed as
respectively. We can combine Eqs. (2.26) with (2.47) and (2.48) to obtain
Eqs. (2.50) and (2.51) can be expressed as
respectively, where
We can define an "effective" Hamiltonian (Ĥ GI ) phys , which is obtained by making the replacements described by Eqs. (2.52) -(2.55)) inĤ GI and excluding H G , since the latter will not contribute to any matrix elements in the physical space in which Gauss's law is implemented. With these replacements, we obtain can similarly be replaced as shown in Eqs. (2.52) and (2.53) respectively. (Ĥ GI ) phys can therefore always be substituted forĤ GI in matrix elements, as long as attention is paid to the need to restrict the space of state vectors to those that implement Gauss's law. For example, exp(−iĤ GI t)|Ψ α can be replaced by exp −i(Ĥ GI ) phys t |Ψ α , since both will be required to project onto states that implement Gauss's law, as shown by
Each matrix element Ψ µ i |Ĥ GI )|Ψ µ j in Eq. (2.58) can be replaced by Ψ µ i |(Ĥ GI ) phys |Ψ µ j , so that exp(−i(Ĥ GI )t)|Ψ α can safely be replaced by exp −i(Ĥ GI ) phys t |Ψ α .
It is important, in this development, to keep in mind the requirement that the time evolution imposed by the HamiltonianĤ GI must take place entirely within the space of states that implement Gauss's law. Not only must the initial state that is the point of departure of such time evolution implement Gauss's law. Each state vector used to represent the state of the system at some later time also must be one of the states |Ψ ν that obey Eq. (2.44). This requirement is essential for satisfying Gauss's law, and it is instrumental in permitting us to replaceĤ GI with (Ĥ GI ) phys in actual calculations that use the gauge-invariant representation of QCD presented in this paper. Moreover, the confinement of the time-dependent exp(−i(Ĥ GI )t)|Ψ α as well as of the equivalent exp −i(Ĥ GI ) phys t |Ψ α to a space in which all state vectors are gauge-invariant is consistent with the fact that bothĤ GI and (Ĥ GI ) phys commute with any G a (x), so that GI j J appears in Ref. [27] , where J = det[∂ i ·D i ]. We observe that we can use Eq. (1.11) and the identity δ δA
With this demonstration, we see that Eq. (2.56) and the Coulomb-gauge Hamiltonian described in Eq. (4.65) in Ref. [27] are identical. It is also of interest to compare Eq. (2.56) with the Coulomb-gauge Hamiltonian in other work, such as Ref. [8] as well as the work of a number of other authors who used the same form of the Hamiltonian, which differs from the Hamiltonian described by Eq. (4.65) in Ref. [27] in the fact that Π [27] ; there is also the trivial difference that Ref. [8] deals with "pure glue" QCD so that the quark field is not included.
The question of the hermiticity of the operator-valued transverse gauge-invariant chromoelectric field Π b T GI j appears to be not entirely settled in the literature and thus takes on some importance. One way of addressing this question is to use Eq. (1.11) to obtain
where the partial derivative acts on only the first y argument in D ch (y, y). We might have expected that the transverse parts of Π b † GI j (y) and Π b GI j (y) would be identical since any 7 The author thanks Prof. Hai-cang Ren for providing him with this demonstration. the first y in D qh (y, y), but not the second. 8 For that reason, it cannot be argued that
differentiate the second as well as the first y in ∂ ∂y j D qh (y, y). We are therefore not able to conclude that
GI j on the basis of this analysis, and must presume that even the transverse component of the chromoelectric field may not be identical to its hermitian adjoint.
More compelling evidence that Π b T GI j is not identical to its hermitian adjoint is provided by the observation that the commutators Π
The latter vanishes, as is shown by Eqs. (2.36)-(2.37). However, use of Eq. (1.11) and the commutation rules for the underlying Weyl-gauge fields lead to 
III. APPLICATIONS TO PERTURBATIVE THEORY.
In order to make the replacements indicated in Eqs. (2.52) -(2.55) and to obtain the Hamiltonian (Ĥ GI ) phys given in Eq. (2.56), it was necessary that the space of state vectors in which time evolution takes place be restricted to only those that implement Gauss's law -i. e. those that obey Eq. (2.44). Once we have obtained the Hamiltonian (Ĥ GI ) phys , the objective of implementing Gauss's law has been partially, but not completely attained.
On the one hand, only transverse fields A a GI i and Π b T GI j appear in (Ĥ GI ) phys ; there is no occasion to refer to the longitudinal modes that are required for the statement of Gauss's law, and no further need to check its consistency with (Ĥ GI ) phys . The application of D ab j (y) to the right-hand side of Eq. (2.54) leads to 
(x) onto a special state that obeys Eq. (2.44) in order to implement Gauss's law. Moreover, we need to expand only the transverse degrees of freedom in terms of particle excitation (creation and annihilation) operators. The transformation ofĤ GI into (Ĥ GI ) phys has therefore had the effect of projecting the QCD Hamiltonian onto a constraint surface on which Gauss's law is implemented and gauge-invariant particle excitations are obtained.
On the other hand, the substitution of Π
(x) for the entire Π b GI j (y) can only be made when gauge-invariant states -those that implement Gauss's law -constitute the Hilbert space in which time evolution takes place. We can, in principle, characterize such gauge-invariant states in the following way: nparticle gluon states used to represent incident and scattered gluons would have the form i (k i ) and annihilates |Ψ 0 . These |Ψ n states also guarantee that the substitution of (Ĥ GI ) phys forĤ GI is justified. A set of such gauge-invariant n-particle states is required in order to use the Hamiltonian (Ĥ GI ) phys in a perturbative theory. There are, however, two important problems with incident and scattered n-gluon states structured in this fashion:
One such problems pertains to the identification of these creation and annihilations operators. The "standard" expansion of the gauge field and the transverse chromoelectric field in the Coulomb gauge is [34] The situation is quite different for QCD, however. The proof of Eq. (3.4) depends on unitary equivalence between charged gauge-invariant states and the corresponding gaugedependent perturbative states. This unitary equivalence clearly prevails in the case in QED, but, as was pointed out in Section II A, it is clearly impossible in QCD. It is, possible, however, to use Eq. (3.4) to a much more limited extent to relate perturbative S-matrix elements in Weyl-gauge QCD to those in whichĤ GI replaces the Weyl-gauge Hamiltonian. In both cases, the S-matrix is evaluated with the same perturbative states based on the gauge-dependent vacuum |0 . We can represent the Weyl-gauge Hamiltonian H as
For our purposes in this argument, the advantage obtained from the gauge-invariance of H 0 far outweighs the disadvantage of the fact that H 0 contains gluon self-interactions so that not all of its eigenstates are noninteracting single-particle states. Similarly,Ĥ GI can be represented asĤ 
and where |i and |f are defined by (H 0 −E i )|i = 0 and (H 0 −E f )|f = 0. Simple algebraic manipulations suffice to establish that
and that
It is then easy to obtain Eq. (3.4), with
An argument, similar to the one that led to the conclusion that in QED the renormalized S-matrix does not require Gauss's law to be implemented, now enables us to identify perturbative S-matrix elements evaluated in the Weyl gauge with those that are evaluated using the HamiltonianĤ GI given in Eq. (2.13), when identical gauge-dependent perturbative states |i and |f are used. Because the perturbative eigenstates |i and |f reflect the effect of gluon self-interactions in H 0 , and because of the difficulty in representing a gluon -stemming from the commutator anomaly previously discussed -we will limit the claim of identity between S-matrix elements to those that are tree graphs with only n-particle multi-quark incident and scattered states, or, when electromagnetic interactions are included, n-particle states that allow us to include transitions from electron-positron incident states to multiquark final states.
In the absence of a unitary transformation that relatesĤ GI and (Ĥ GI ) phys , we need to be cautious about the further substitution of the latter for the former in an attempt to extend this demonstration to relate Weyl-gauge to Coulomb-gauge S-matrix elements without gluons in incident or final states.Ĥ GI and (Ĥ GI ) phys have a number of interactions in common: These include − drj 0 (x). They differ by the inclusion of longitudinal degrees of freedom of the gluon chromoelectric field inĤ GI , while these have been eliminated from (Ĥ GI ) phys . The effect of these differences on perturbative calculations in a space of states that do not implement Gauss's law will be left for future work. The procedure we have used to relate the perturbative S-matrix elements obtained with the Weyl-gauge Hamiltonian H to those in whichĤ GI is used instead, also does not help us to relate S-matrix elements evaluated between gauge-dependent perturbative |ϕ n states to those in which the gaugeinvariant |Ψ n states are used. In that respect, the relation we have proven for QCD is much weaker than the corresponding one for QED.
In making the transition to perturbative QCD from the formulation in which time evolution takes place entirely within a space of states that implement Gauss's law, it has been proposed that a "linearized" version of Gauss's law -one in which G a (r)|Ψ = 0 is replaced by ∂ i Π a i (r)|Φ = 0 -be used to select initial and final states of scattering processes. [34] But there is little if any theoretical support for the ad hoc substitution of ∂ i Π a i (r)|Φ = 0 for G a (r)|Ψ = 0, and the concomitant abandonment of the unabridged Gauss's law as the condition that qualifies state vectors for representing configurations of incident and scattered quarks and gluons. This point, and the more general question of the effect on S-matrix elements of interactions that persist unabatedly as the particles that emerge from scattering processes recede from each other, have been discussed for QCD, [9] as well as for QED. [36] The argument that leads to Eq. (3.4) suffices to justify the neglect of Gauss's law in perturbative QED, but as was pointed out above, there is no similar argument applicable to QCD.
Experience with perturbative QCD has led to a consensus that, except for certain loop graphs with uncontrollable infinities, [37] perturbative S-matrix elements in the Coulomb gauge and in other gauges agree even when multigluon incident and scattered states are involved. Since this consensus is far more encompassing than the equivalence, for QCD, demonstrated on the basis of Eq. (3.4), we conjecture that a generalization of Eq. (3.4) is possible that gives that consensus the broader theoretical support that the preceding argument does not provide; and that, in this generalization, the requirement of unitary equivalence between gauge-dependent perturbative states and gauge-invariant |Ψ n states can be relaxed. If this is the case, it is important to find this generalization; it is likely that such a generalization will have limitations on its applicability that do not affect Eq. (3.4) . And these limitations may contain the basis for an explanation -or at least a partial explanation -of why only "colorless" color singlets can emerge as asymptotic states of colliding systems, and why color-bearing configurations of quarks and gluons can never be seen as final states of colliding systems. 
